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I present a three-dimensional effective theory that describes the high-temperature 
equiUbrium behavior of the SU(5) theory accurately, but is much easier to study us- 
ing non-perturbative methods than the original four-dimensional one. The effective 
theory is obtained by perturbatively integrating out the super-heavy Matsubara 
modes as well as the heavy temporal component of the gauge field. Regardless of 
the particle spectrum of the original theory, the resulting three-dimensional theory 
contains only a gauge field and an adjoint Higgs field. The phase diagram of the 
theory is analysed perturbatively and it is shown to have a cellular structure in 
three-dimensional parameter space. 



1 GUT transition 

If the Standard Model is a effective low-energy theory of a grand unified theory, 
there may have been a GUT phase transition in the very early universe. It 
would have taken place when the temperature was T ^ 10^^ GeV and would 
have had important cosmological effects. 

Topological defects are necessarily created in the transition. Depending 
on the precise form of the GUT, these may be strings, domain walls or tex- 
tures, but in any case there are monopoles, since the fundamental group of the 
Standard Model gauge group SU(3)xSU(2)xU(l) is non-trivial. The defects 
are important, since they can give rise to structure formation in the universe. 
However, the formation of a high density of monopoles is in conflict with stan- 
dard cosmology and with observations. This monopole problem can be solved 
if the universe enters an exponentially expanding, inflationary phase in this or 
in some other transition taking place soon after the GUT one. Since GUTs 
do not conserve baryon number it is also possible that baryon asymmetry was 
generated. B + L would be washed out later in the electroweak transition, but 
B — L would remain. However, the simplest GUT candidate SU(5) does not 
violate B ~ L. 



2 SU(5) dimensional reduction 

From the low-energy physics one cannot deduce the form of the GUT. To 
understand the consequences of the transition even on a qualitative level, one 
still needs to have some concrete theory with which to make the calculations. 
The obvious choice is the SU(5) model suggested by Georgi and Glashova, 
since it has the simplest structure. Furthermore, we drop the fermion fields 
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and the fundamental Higgs field, since they are inessential when describing the 
transition. Thus we have a theory with a gauge field and an adjoint Higgs 
field <i>. The Lagrangian of the theory is 

Cm = -^Tri^M^F^'' + Tri:)^$L>^$ - m^Tr*^ - \i{TT<^^ f - AsTr^"*, (1) 

where £1^$ = 9^$ + ig[Af^, $]. 

In the perturbative broken phase the system can be parametrized by the 
vector mass M, the SU(3) octet scalar mass mg, the neutral scalar mass mi 
and the gauge coupling constant that is chosen to have the value g ~ 0.39 
given by the running of the Standard Model coupling constants. 

Since a gauge symmetry cannot be broken, the only non-perturbatively 
meaningful operators are gauge-invariant. Thus the simplest local fields are 

Tr$", TrF^^$("-i\ where 2 < n < 5. (2) 

In the broken phase these can be identified with the photon and a neutral 
scalar. In the symmetric phase all fields are composite. 

To investigate the transition we start from the standard finite-temperature 
formalism. The temporal dimension gets replaced by a compact one, which 
can be integrated out perturbatively in dimensional reductiorcl. No infrared 
divergences appear in this calculation since they arise from the static modes 
which are still present in the effective three-dimensional theory. The calculation 
is performed by comparing one- and two-loop Green's functions in the 4d finite- 
T theory and the 3d effective theory. Since the temporal component of the 
gauge field Aq gets a heavy Debye mass, it can be also be integrated out. Thus 
we are left with an effective theory of the form 

C = ]^TiF,jF,j + Tr{Di'^f + m^Trl^ + Ai (Trl^)^ + AjTr^^. (3) 

The details of the calculation and the relations between 4d and 3d parameters 
are given in RefQ. 

The form of the effective potential does not depend on the original particle 
spectrum. All the fermions are integrated out since they have no static modes 
and all the other scalars get an effective mass from the thermal corrections 
and are integrated out along with the field. Thus their only contribution 
is to change the relation between the 3d and 4d parameters. This justifies the 
assumption that they are inessential in this context. 
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3 Effective theory 

The parameters of the effective theory are dimensionful. Thus we can use 
one of them to fix the scale and parametrize the theory by three dimensionless 
numbers _ _ 

— , = X2 = ^- (4) 

T 9 9 

The theory is superrenormahzable and only the mass parameter must be renor- 
malized. Its running can be calculated exactly in a two-loop perturbative cal- 
culation. 

The relation between 4d and 3d parameters given in terms of the pertur- 
bative broken phase masses is 

^1 « 0.21^-0.59^-0.012, a;2«2.52|i- 0.020, 

9 4? 4 

rat rat m? tu^ 

y « 6.80 + 6.08^-1.45^-^3.95^- 0.038^ 

mtmi ra^ , , 

where the logarithmic divergence on the temperature is neglected. Thus, as 
temperature decreases, x\ and X2 stay constant and y decreases. Thus y can 
be interpreted as a measure of temperature. 

The effective theory can be analysed in perturbation theory. There are 
three different phases, 

(a>)=0, ($) ^Diag(2,2,2,-3,-3), ($) ^ Diag(l, 1, 1, 1, -4). (6) 

Calculation of the two-loop effective potential in both of the broken phases 
gives the phase diagram shown if Fig. |l|. As the universe cools down, the 
SU(5) symmetry is broken down to either SU(4)xU(l) or SU(3)xSU(2)xU(l). 
The transitions between the phases are always first-order ones in perturbation 
theory. However, lattice simulations on analogous, but simpler models suggest 
that at large values of X\ and Xi there is a crossover instead of a transition. This 
is possible since there is no symmetry breakdown connected to this transition. 

A numerical simulation would be the most reliable way to investigate the 
transition. On a lattice the theory (H) obtains the form 
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--2 [Tv^xf - TT<i>{x)U^{x)<P{x + i)U-^i3 
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+m2Tr$2 + Ai(Tr$2)2 + A2Tr$'', (7) 

where a is the lattice spacing. Owing to superrenormalizabihty the lattice 
parameters can be related to the continuum ones with a two-loop calculation 
in lattice perturbation theory. In practice this means calculating the two-loop 
effective potential. This has been performed explicitly in RefB. This gives a 
connection between the 4d continuum and 3d lattice parameters. 

At present there are no lattice simulations of this model. They would 
be interesting also independently of the original GUT model, since SU(5) has 
much more structure than e.g. SU(2). Thus its phase transition could exhibit 
some interesting non-perturbative phenomena. 

4 Conclusions 

We constructed explicitly a three-dimensional purely bosonic effective theory 
that describes the equilibrium behavior of the SU(5) GUT near the transition. 
We also analysed it perturbatively and found its phase diagram. However, 
lattice simulation is needed to get reliable information. To this end we cal- 
culated the relation between lattice and continuum parameters. However, no 
simulations have yet been made. 

In analogous but simpler models the transition is a crossover for some 
parameter values. If the same is true here, it would change the picture of the 
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GUT transition. If there is only a crossover, the cosmological consequences 
are much smaller than in the first-order case, since the system can stay near 
the equilibrium. In practice this rules out both baryogenesis and inflation in 
this transition, but does not cure the monopole problem, since the monopoles 
formed by thermal fluctuations still fall out of equilibrium and their density 
remains far too high. 
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